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ABSTRACT -. 
in M, (M/A), is an inverse M-ma&lx. The converse of this is generally f 
necessary and sufficient conditions for I&UK’, where 
M-matrix. 
1. PRELIMINARIES 
Let M be a nonnegative nonsingular matrix. Then if M- ' is an -matrix, 
then M will be called an inverse M-mat&. In a recent survey paper [2] C. FL 
Johnson included most of the known properties of the class o inverse 
i 
M-matrices. Moreover he pointed out the parallels and differences between 
this class and the class of M-matrices. A square matrix M is called a Z-matrix 
ifandonlyifm,~dOforalli#~.ItiswellknownthatifMisa, matrix, 
then M isan M-matrixifandonlyif M-'20. 
Let M be a nonnegative nonsingular n X n matrix partitioned 4 
where A is nonsingnlar, The Schur complement of A in M is def$ed to be 
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the matrix 
(M/A)=D-CA-lo. (2) 
It is easy to show [see (4) below] that if M is an inverse M-matrix, then A is 
nonsingular and (M/A) is an inverse M-matrix. The converse is generally 
false. 
Throughout this paper M( aI j3) will denote the principal submatrix of M 
obtained by deletlng the rows cr and the columns 8, where a and /3 are 
increasing index sequences from the index set { 1,. . . , n }. M is assumed to be 
a nonsingnlar nonnegative matrix partitioned as in (1). H will denote the 
matrix 
H=l@( -I), 
where I and A, have the same dimensions, as do - Z and D. It is obvious 
that H=H-r and 
-B 
I D’ (3) 
and since 
M-1 -_ 
A-‘[A+B(M/A)-k]A-’ 
- (M/A)+A-~ 
-A-‘B(M/A)-’ , 
(M/A) -I 1 (4) 
it follows that 
A-‘[A+B(M/A)-%]A-’ A-‘B(M/A)-1 
(M/A) -‘CA-~ (WA) -l 1 (5) 
The proofs of the following lemmas are easy to construct. Therefore they are 
omitted. 
-1. LetAandBbenonnegativem~nandnXmIllatrices, 
wqectively. Moreover let D be a diagonal n X n m&ix. Zf AB is diagonal, 
then ADB is diagonal. 
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As a direct consequence of Lemma 1 we have 
LJZMMA~. L.etAandBbeasgioeninLemmal. Zfthereekistsa 
diagonal matrix D with positive diagonal entries such that ADB is dic)gonal, 
‘then AB is diugonul. 
2. MAIN RESULTS 
THEOREM 1. HMH-’ is a Z-mat& if and only if A and D are 
blocks. In this case it jbllows that if A is nonsingular, then 
z-mutix. 
Proof. The proof follows immediately from (3) and from the defi&ion of 
the Schur complement. n 
THEOREM 2. Zf (M/A) and HMH-’ are Zmutrices, then (M/A) is yn 
M-matrix if and only if HMH-’ is an M-matrix. 
Pmof. Under the hypothesis, (M/A) is an M-matrix if 
(M/A)-’ >/ 0. From (5) it follows that if HMH-’ is an 
(M/A)-’ >, 0. Conversely if (M/A)-’ 2 0, since A is 
have (HMH- ‘)- ’ >, 0, which completes the proof. 
THEOREM 3, Assume that A and D are diagonal and that A is n&u%gu- 
km. Then (M/A) kr an M-m&ix if and only if HMH-’ is an M-mu@x. 
Proof. The proof follows immediately from Theorem 1 and Th@em 2. 
n 
THEOREM 4. Assume that A = (all) # 0. Then HMH-’ is an M-&&ix if 
and only if D is diagonal and (M/A) is an M-matrix. 
Proof. Since A = (a,,)# 0, it follows from Theorem 3 that iif D is 
diagonal and (M/A) is an M-matrix, then HMH- ’ is an M-matrix Now if 
HMH-’ is an M-matrix, then Theorem 1 yields that D is diagonal d that 
(M/A) is a &matrix. Thus by Theorem 2 we have that (M/ ) is an 
M-matrix. ” 
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THEOREM 5. HMH- ’ is an Mmatrix ifand onZy if A and D are dbgonul 
and (M/A) is an M-matrix. 
proof. The proof follows immediately from Theorem 1 and Theorem 3. 
n 
THEOREM 6. If HMH-’ and M-l are M-matrices, then (M/A) is 
positive diagonal. 
Proof. S~JKZ HMH- ’ is an M-matrix, Theorem 5 yields that (M/A) is 
an M-matrix. Mqrecyer, since M- ’ is an M-matrix, the remark following (2) 
yields that (M/A) - ’ # gn M-matrix, which implies that (M/A) is nonnega- 
tive. Therefore (M/A) is positive diagonal. H 
THEOREM 7. ASSUTW that A and (M/A) are diagmal with positive 
diagonal enlries. Then M-t is an M-matrix if and only if BC is diagonal. 
Proof. Since M 2 0, M- ’ is an M-matrix if and only if M- ’ is a 
Z-matrix. Now since A-’ and (M/A)-’ am positive diagonal, it follows from 
(4) that M-’ is a Zmatrix if and only if B(M/A)-‘C is diagonal, if and only 
if (by Lemma 1 and Lemma 2) BC is diagonal. l 
THEOREM 8. Assume A and D are diagonal and A has positive diagonal 
entries. (M/A) is positive diagonal if and only if BC is diugonul. 
Proof. The proof is immediate from Lemma 1 and Lemma 2. m 
THEOREM 9. Assume A and D are diugotial and A has positive diagmal 
entlim. Then thejb&nvi?ag statenrazkr are equivalent: 
(i) (M/A) is positive diagonal. 
(ii) (M/A) 3 0 and BC fs diagonal. 
(iii) M-’ and HMH-1 are M-m&rices. 
Proof. The proof that (i) and (ii) are equivalent follows from Theorem 8. 
Theorem 6 yields that (iii) implies (i). The proof that (i) implies (a) follows 
from Theorem 5 and Theorem 7. n 
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3. EXAMPLES 
lzxmfF+LE 1. Let 
Then 
is an M-matrix, and since 
is diagonal, it follows by Theorem 4 that 
is an M-matrix. 
EhMFcE2. Let 
M- 
and let A be the identity block in the upper left hand comer. Then 
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Moreover, since 
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it follows that 
is an M-matrix. 
7% author would like to thank the referee jbr his valuable suggedom 
that led to a vast impmwment in the presentation of this paper. 
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